Abstract. We prove rigidity type results on the vanishing of stable Ext and Tor for modules of finite complete intersection dimension, results which generalize and improve upon known results. We also introduce a notion of prerigidity, which generalizes phenomena for modules of finite complete intersection dimension and complexity one. Using this concept, we prove results on length and vanishing of homology modules.
Introduction
The notion of rigidity of Tor was introduced by Auslander [Au] in order to study torsion in tensor products, and the zerodivisor conjecture, for finitely generated modules over a commutative local ring. The general idea of rigidity of Tor for modules M and N over a ring A is that the vanishing of Tor A i (M, N ) for some i implies the vanishing of Tor A j (M, N ) for j's different from i. Ever since its introduction by Auslander, rigidity of Tor has been a central topic in the theory of modules over commutative rings (see, for example, [PS] , [Ho] , and [He] ).
Rigidity of Tor for finitely generated modules over unramified regular local rings was resolved by Auslander himself, and the ramified case was settled by Lichtenbaum [Li] . The next natural class of rings over which to study rigidity is that of complete intersections, and this was done in [HW1] , [HW2] , [Jo1] , and more recently, [Da1] and [Da2] . Subsequent to the notion of complete intersection dimension, defined in [AGP] , there has been a study of rigidity of Tor and Ext for modules of finite complete intersection dimension, for example [ArY] , [Jo2] , [AvB] , and [Be2] .
In this paper, we prove new rigidity results for Ext and Tor which generalize or improve upon many of the results in the above citations. We do so in the context of stable (co)homology. We show in Section 3 that the vanishing of c (c being the complexity of one of the modules) equally spaced stable Ext or Tor implies the vanishing of infinitely many of the remaining (co)homology modules. We also show that if dim R + 2 consecutive stable Ext or Tor vanish infinitely often for negative or positive indices, respectively, then all the stable Ext or Tor must vanish.
In Section 4 we introduce a notion we call pre-rigidity, and show that it generalizes the vanishing phenomena of modules of finite complete intersection dimension and complexity one. We also show that it gives a formula for length which recovers known results for Betti numbers of modules over rings having an embedded deformation.
In Section 2 we give preliminaries on complete intersection dimension, complexity, and stable (co)homology.
Finite complete intersection dimension
Throughout this section, we fix a local (meaning commutative Noetherian local) ring (A, m, k), together with a finitely generated A-module M . Given a minimal free resolution
of M , we denote the rank of the free module F n by β n (M ). This integer, the nth Betti number of M , is well-defined for all n, since minimal free resolutions over local rings are unique up to isomorphisms. The complexity of M , denoted cx M , is defined as
The complexity of a finitely generated module over a local ring is not always finite; by a theorem of Gulliksen (cf. [Gul] ), the local rings over which all finitely generated modules have finite complexity are precisely the complete intersections.
In [AGP] , Avramov, Gasharov and Peeva defined and studied a class of modules behaving homologically as modules over complete intersections. Recall that a quasideformation of A is a diagram A → R ← Q of local homomorphisms, in which A → R is faithfully flat, and R ← Q is surjective with kernel generated by a regular sequence. The module M has finite complete intersection dimension if there exists such a quasi-deformation for which pd Q (R ⊗ A M ) is finite. The complete intersection dimension of M , denoted CI-dim M , is the infimum of all pd Q (R ⊗ A M ) − pd Q R, the infimum taken over all quasi-deformations A → R ← Q of A. In the rest of the paper, we write "CI-dimension" instead of "complete intersection dimension".
By [AGP, Theorem 5.3] , every module of finite CI-dimension has finite complexity. Moreover, as we shall see in the next section, such a module also has reducible complexity in the sense of [Be1] . This reflects the fact that modules of finite CIdimension behave homologically as modules over complete intersections. Since complete intersection rings are Gorenstein, modules of finite CI-dimension also behave, in some sense, as modules over Gorenstein rings. In order to make this precise, we recall the following, denoting the A-module Hom A (M, A) by M * . We say that M is of Gorenstein dimension zero, denoted G-dim M = 0, if it is reflexive (i.e. the canonical homomorphism M → M * * is bijective) and Ext
is the infimum of the numbers n, for which there exists an exact sequence [AuB] , a local ring is Gorenstein precisely when all its finitely generated modules have finite Gorenstein dimension.
If M has finite Gorenstein dimension d, say, then by [AuB, Corollary 3.15] , the module Ω 
. Then Q is a minimal complete resolution of M , and it is unique up to homotopy equivalence (cf. [Buc] , [CoK] ). Consequently, for every n ∈ Z and every A-module N , the stable homology and stable cohomology modules
are independent of the choice of complete resolution of M . By construction, there are isomorphisms Tor
By [AGP, Theorem 1.4] , if the CI-dimension of M is finite, then
Therefore M admits a minimal complete resolution, and from the above we see that, for every A-module N , there are isomorphisms
for all n > depth A − depth M . Consequently, for a module of finite CI-dimension, vanishing patterns in stable (co)homology correspond to vanishing patterns in ordinary (co)homology beyond depth A − depth M . We shall therefore state the vanishing results in terms of stable (co)homology.
Vanishing of (co)homology
In this section, we establish our rigidity results for stable Ext and Tor for modules of finite CI-dimension. We start with the following lemma, which shows that a module of finite CI-dimension has reducible complexity.
Lemma 3.1. Let A be a local ring, and M a finitely generated A-module of finite CI-dimension and infinite projective dimension. Then, given any odd number q, there exists a faithfully flat extension A → R and an exact sequence
Proof. By [Be2, Lemma 2.1], for any odd integer q ≥ 1, there exists a quasideformation A → R ← Q and an exact sequence
of R-modules, with cx R K = cx A M −1. Moreover, in the proof of [Be2, Lemma 2.1] it is shown that the CI-dimensions of both the R-modules K and R ⊗ A M are finite. Since the CI-dimension of R⊗ A M is finite, so is the CI-dimension of Ω
and by [AGP, Lemma 1.9 
] the inequality depth
, and so
where the latter equality is due to faithful flatness.
Having established the necessary lemma, we now prove the first of the main results of this section.
Theorem 3.2. Let A be a local ring, and M a finitely generated A-module of finite CI-dimension and complexity c. Furthermore, let N be a not necessarily finitely generated A-module. Suppose there is an integer n ∈ Z and an odd number q such that Tor Next, suppose that c ≥ 2. Choose a faithfully flat extension A → R, together with an exact sequence
of R-modules, as in Lemma 3.1. Thus, the R-modules R⊗ A M and K have finite CIdimension, and the complexity of K is c−1. For every i ∈ Z there is an isomorphism
We may therefore, without loss of generality, assume that there exists an exact sequence
of A-modules, in which K has finite CI-dimension and complexity c − 1. By the homology version of [AvM, Proposition 5.6 ], this short exact sequence induces a doubly infinite long exact sequence
of complete homology modules. Using [AvM, Proposition 5.6 ] once more, together with the fact that Tor A i (F, N ) = 0 for all i whenever F is free, we see that Tor
Consequently, we obtain a long exact sequence We include the cohomology version of Theorem 3.2, but omit the proof.
Theorem 3.3. Let A be a local ring, and M a finitely generated A-module of finite CI-dimension and complexity c. Furthermore, let N be a not necessarily finitely generated A-module. Suppose there is an integer n ∈ Z and an odd number q such that Ext
In the following corollaries, we record the special case q = 1 from the previous theorems.
Corollary 3.4. Let A be a local ring, and M a finitely generated A-module of finite CI-dimension and complexity c. Furthermore, let N be a not necessarily finitely generated A-module. Suppose there is an integer n ∈ Z such that
Corollary 3.5. Let A be a local ring, and M a finitely generated A-module of finite CI-dimension and complexity c. Furthermore, let N be a not necessarily finitely generated A-module. Suppose there is an integer n ∈ Z such that
We note that Theorems 3.2 and 3.3 recover results of [Jo2] and [Be2] for the vanishing of cx A M + 1 consecutive Ext and Tor for modules of finite CI-dimension.
Corollary 3.6. Let A be a local ring, and M a finitely generated A-module of finite CI-dimension and complexity c. Furthermore, let N be a not necessarily finitely generated A-module. Suppose there is an integer n ≥ depth A − depth M + 1 such that Tor
Corollary 3.7. Let A be a local ring, and M a finitely generated A-module of finite CI-dimension and complexity c. Furthermore, let N be a not necessarily finitely generated A-module. Suppose there is an integer n ≥ depth A − depth M + 1 such that Ext
We also generalize a result of [Jo1] for vanishing of Tor for modules over complete intersections. 
Remark. Using the fact that for finitely generated A-modules M and N with M maximal Cohen-Macaulay,
for all i ∈ Z, one has a statement similar to that of 3.8 for vanishing of stable Ext with i ≤ n 0 and j ≤ n 0 . Choose an element x ∈ A which is regular on M, N and A, and consider the exact sequence
Proof. We prove this result in terms of vanishing of the ordinary homology modules Tor
This sequence induces a long exact sequence 
We remark that the examples of [Jo1, 4.1] illustrate the sharpness of Theorems 3.2 and 3.3 in the q = 1 case, in the sense that more vanishing cannot be concluded from the hypothesis. We recall these examples, in the context of stable (co)homology, and prove that certain homology modules remain nonzero.
Example 3.10. Let n be a positive integer and
where k is a field and the X i and Y i are analytic indeterminates. Then R is a complete intersection of dimension n and codimension n. Let M = R/(x 1 , . . . , x n ), and N = R/(y 1 , . . . , y n ). Then, as is shown in [Jo1] , M and N are maximal CohenMacaulay R-modules of complexity n with Ext 
is a basis element of F i for all i ≥ 0. Tensoring the top row with N ′ = S/(y 1 ) and the bottom row with N , we get an induced commutative diagram
T T T T T and so Tor
and this is what we claimed.
Pre-rigidity of Modules
Throughout this section, unless otherwise specified we let (Q, n, k) be a local ring, x a non-zerodivisor contained in the maximal ideal of Q, and R = Q/(x). Let M be a finitely generated non-zero R-module, and F a Q-free resolution of M . Assume that {σ i } i≥0 is a system of higher homotopies on F . That is, for all i ≥ 0 each σ i is a degree 2i − 1 endomorphisms of F as a graded module with σ 0 = ∂ F , σ 0 σ 1 + σ 1 σ 0 = x Id F and i+j=n σ i σ j = 0 for n > 1. (Shamash shows in [Sha] that such a system always exists.) Definition 4.1. We say that an R-module N is pre-rigid of degree r with respect to M and Q if there exists a Q-free resolution F of M and a system of higher homotopies {σ i } i≥0 on F such that the induced maps
are zero for j > r − (2i − 1), and all i ≥ 1.
Example 4.2. If pd Q M = r < ∞, then every R-module N is pre-rigid of degree r with respect to M and Q.
Example 4.3. Suppose that σ i (F ) ⊆ n F for all i ≥ 1. Then k is pre-rigid of degree 0 with respect to M and Q.
The following is the main result of this section. It motivates the choice of terminology.
Theorem 4.4. Let M be a finitely generated R-module, and assume that N is an Rmodule which is pre-rigid of degree r with respect to M and Q. If Tor R n (M, N ) = 0 for some n > r, then Tor
In preparation for the proof of Theorem 4.4 we want to describe a free resolution of M over R using one of M over Q, following [Sha] (see also [AvB, 3.1.3 
]).
Let D be the complex of R-modules with trivial differential having D i = 0 for i < 0, D 2i−1 = 0 for i ≥ 1, and D 2i the free R-module Re i on the singleton basis e i for i ≥ 0. Let F be a free resolution of M over Q, and {σ i } i≥0 a system of higher homotopies on F (recall that σ 0 is the differential of F ). We equip the complex D ⊗ Q F with the differential ∂ = j t j ⊗ σ j where t j is defined by t j (e i ) = e i−j , so that ∂(e i ⊗ f ) = j e i−j ⊗ σ j (f ). Then (D ⊗ Q F, ∂) is a free resolution of M over R [Sha] .
Proof. We may compute Tor
Filtering this complex by F p = i≤p D 2i ⊗ Q F ⊗ Q N one gets an upper semi-firstquadrant convergent spectral sequence whose E 0 -page is . . .
for all i, j ≥ 1. Now assume that N is pre-rigid of degree r with respect to M and Q. Then it is clear that the maps d N ) for all j ≥ i + r + 1. In general, the hypothesis that N is pre-rigid implies that the maps d s i,j on the E s -page of the spectral sequence are zero for all j ≥ i + r − (2s − 1) + 1, and all s ≥ 1, and thus the limit terms of the spectral sequence are given by
Now taking the associated filtration Φ of the total homology H of F (see, for example, [Ro, 11.13 ]), we have isomorphisms Tor
for all n, the first statement of Theorem 4.4 follows easily.
When r = 0 we actually get that
for all j ≥ i, and so the second statement of the theorem holds.
The following main corollary of 4.4 shows that the notion of pre-rigidity generalizes in a sense the behavior of modules of finite CI-dimension and complexity one. 
Proof. Suppose that Tor
. . , x c ). By assumption N ′ is pre-rigid of degree r with respect to M ′ and Q ′ . Since b > r, Theorem 4.4 applies to give Tor
where n = min{n o , n e }. Since n − r ≥ b − r ≥ c, and n − (depth A − depth A M + 1) ≥ b − (depth A − depth A M + 1) ≥ c, We have at least c consecutive vanishing Tor Remark. Suppose that a free resolution F of M over Q admits a system of higher homotopies {σ i } i≥0 such that σ i (F ) ⊆ n F for all i ≥ 0. Then the R-free resolution D⊗F of M in the proof of Theorem 4.4 will be minimal. In this case we see that k is pre-rigid of degree 0 with respect to M and F . Theorem 4.7 then gives a statement about Betti numbers: β R n (M ) = i≥0 β Q n−2i (M ), which in terms of Poincaré series translates to P R M (t) = P Q M (t)/(1 − t 2 ). Indeed, this was the main goal of [Sha] . It is shown in loc. cit. that the condition on the minimality of D ⊗ Q F is obtained, for example, when x ∈ n Ann Q M .
